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Abstract 

Necessary and sufficient conditions are given for the solvability of the operator 
valued two-variable autoregressive filter problem. In addition, in the two variable sub- 
optimal Nehari problem sufficient conditions are given for when a strictly contractive 
little Hankel has a strictly contractive symbol. 

1 Introduction 

The classical autoregressive filter problem asks for the construction of an autoregressive 
filter based on a finite set of prescribed correlation coefficients Co, • • • , c n . There is a 
solution to this problem if and only if the Hermitian Toeplitz matrix C = (cj_j)" J=0 
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is positive definite, and in that case the filter coefficients can be read off from the 
first column of C _1 . While the above problem dates back to the 1950's other aspects 
of the theory of positive semidefinite Toeplitz matrices had already been studied in 
detail in the early 1900's with the works of Caratheodory, Fejer, Kolomogorov, Riesz, 
Schur, Szego, and Toeplitz (see e.g. ^5] for a full account). Multivariable versions were 
considered about halfway through the 20th century. Several questions lead to extensive 
multivariable results (e.g, |2I[[2!)], El IS] ) ? while others lead to counterexamples ([3], 
[21], ffZ[> PI) |2Z1> EE])- The specific two variable autoregressive filter problem was 
not completely solved until recently in |18j . The authors found that in addition to 
an expected positive definiteness requirement of a doubly Toeplitz matrix i.e. a block 
Toeplitz matrix whose blocks are themselves Toeplitz matrices, a low rank condition 
on a submatrix is necessary for the existence of a two-variable autoregressive filter 
with a finite set of prescribed correlation coefficients. As it turns out, this low rank 
condition may be reformulated as a commutativity condition on matrices built form 
the correlation coefficients. While this was indirectly present in the results in ^S] (see 
Theorem 2.2.1), it was not fully recognized as essential until now. This commutativity 
condition allows for a generalization to the operator case which we will present in this 
paper. 

The autoregressive filter result yields sufficient conditions on a partially defined 
doubly Toeplitz matrix to have a positive definite completion, as follows. The notations 
Tow(ck)keK and col(ck)keK stand for a row and column vector containing the entries 
Cf.,k £ K, respectively. Note that in the statement below matrices appear that have 
rows and columns indexed by pairs of integers. 

Theorem 1.1 Let Ck, k € A := {— n, . . . , n} x {— m, . . . , m} C Z x Z be given so that 

{ c k-l)k,l£{0,...,n}x{0,...,m} 

is positive definite. Put 

$ = (Cfc-i)fc,Ze{0,...,n-l}x{0,...,m-l}> 

3*1 = ( c fc-OfcG{0,...,n-l}x{0,...,m-l},/e{l,...,n}x{0,...,m-l}! 
^2 = (Cfe-Ofce{0,...,n-l}x{0,...,m-l},ie{0,...,n-l}x{l,...,m}- 

Suppose that ^i®" 1 ^ = and 

r — K 

°— n,m — - fl n,m^ J1 n,rrt) 

where 

Kn.m = rOw(c fc _;)fc=(0,m-l),Ze{l,...,n}x{0,...,m-l} 5 (1.1) 

and 

K n , m = Col(4_ i ) fce { ,...,n-l}x{0,...,m-l},/=(n-l,l)- (1-2) 

Then there exist c^, k A, so that (ck-i)k,i<=zxz is positive definite (as an operator on 
l 2 (Z x Z))j. 
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Using the connection between positive definite and contractive completion problems 
as it was used in the band method (see, e.g., [20], one may take the ideas 
that go in to the proof of Theorem 11.11 and apply them to the two-variable Nehari 
problem. The classical Nehari problem states that a bounded Hankel operator H has 
an essentially bounded symbol ip, and in fact one can choose ip so that Halloo = \\H\\ 
(see, e.g., |2H|). In two or more variables the situation is quite different. First of all, 
there are several types of Hankels to consider. In two variables the most prominent 
types are the so-called big Hankel and the little Hankel. In [3] it was shown that 
there exist bounded big Hankel operators that do not have an essentially bounded 
symbol. Recently, in 13 it was shown that every bounded small Hankel operator has 
an essentially bounded symbol. The proof in J2] relies on the dual formulation of the 
problem, due to ^3]. In general, though, one cannot find a symbol ip of a small Hankel 
h, so that \\h\\ = HV'lloo- We will give sufficient conditions under which this equality can 
be established in a suboptimal sense. To be more precise, we give sufficient conditions 
under which \\h\\ < 1 implies the existence of a symbol ip so that Halloo < 1. 

The paper is organized as follows. In Section 2 we treat the autoregressive filter 
problem and as a corollary obtain Theorem ll.il In Section 3 we treat the two- variable 
Nehari problem. 

2 Operator valued autoregressive filters 

A two- variable polynomial p(z, w) is called stable if p(z,w) is invertible for (z,w) G B , 
where D stands for the closure of D = {z G C : \z\ < 1}. Also, we denote T = {z G C : 
\z\ = 1}. The notation B(Tt, /C) stands for the Banach space of bounded linear Hilbert 
space operators acting H —> fC. We abbreviate B(7i,Ti.) as B(7i). 

Theorem 2.1 Given are bounded linear operators Cij G B(7i), G A := {— n, . . . , n}x 
{— m, . . . , m} \ {(n, m), (— n, m), (n, —m), (— n, — m)}. There exists stable polynomials 

p(z,w)= Pi j z i w j £ B(H),r(z,w) = ryzV G B(H) (2.1) 

ie{o, ...,»} ie{o,...,n} 

je{0,...,m} je{0,...,m} 

with poo > and roo > so that 

piz^wY^piz.w)- 1 = ^ c ij z i w j =r(z,w)~ 1 r{z,w)*- 1 , (z,w) £T 2 , (2.2) 

for some G B(H), A, if and only if 

(i) ^i^- 1 ^ = 

(ii) when we put 

C- n ,m = r O w (Cfc-0fc=(0,m-l),Ze{l,...,n}x{0,...,m-l} < I ) lco K c fc-/)fce{0,...,n-l} x {0,...,m-l},2=(n-l,l) ' 

then the matrices 

( c k-l)k,le{0,...,n}x{0,...,m}\{(n,m)} an d (Cfc-Ofc,Ze{0,...,n}x{0,...,m}\{(0,0)} 

are positive definite. 
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Here 

$ = (Cfc-/)fc i / g {0,...,n-l}x{0,...,m-l}> 
$1 = (Cfc-0fce{O,...,n-l}x{O,...,m-l},/e{l,...,n}x{O,...,m-l}j 
^2 = (Cfc-0fce{O,...,n-l}x{O,...,m-l},/e{O,...,n-l}x{l,...,m}- 

There is a unique choice for c n ^ m that results in p n . m = 0, namely 

C n ,m = ( c k-l)k=(n,m),le{O r ..,n}x{O,...,m}\{{O,0),(n,m)} [( c k-l)k,l€{0,...,n}x{O,...,m}\{(O,0),(n,m)}] 1 x 

x ( c /«-OfcG{0,...,n}x{0,...,m}\{(0,0),(n,m)},/=(0,0) • 

Notice that (i) is equivalent to the statement that and $ _1 $2 commute. 

These operators correspond exactly to the operators appearing in Theorem 2.2.1 in 
18 . When conditions (i) and (ii) are met, the polynomial p may be constructed 
by a Yule- Walker type of equation. Alternatively, the Fourier coefficients Cij may be 
constructed by an iterative process. 

In the proof of Theorem l2.1l we shall make use of some well-known results, including 
the 3x3 positive definite operator matrix completion problem and the one-variable 
operator valued autoregressive filter problem. We now recall these results. 

Proposition 2.2 Let 

(b* c) and (d* e) 

be positive definite Hilbert space operator matrices. Then there exist operators X so 
that 

(A B X\ 
M{X) =\b* C d\ 
\X* D* EJ 

is positive definite. E.g., one may choose X = BD~ l C =: Xq. In fact, Xq is the 
unique choice for X so that [M(X) _1 ]i 3 = 0. 

It is not hard to prove this result directly. The result also appears in the literature 
in several places, e.g., in 0, ^0 Section XVI. 3]. 

We will need operator valued generalizations of Theorem 2.1.5 in JHj (see also 
Delsarte et al. [7]) and Lemma 2.3.4 in [T5| . 

Theorem 2.3 . Let 

p(z,w)= ^2 PijZ l w j £ B(H). 

i£{0,...,n} 
j£{0,...,m} 

Then p(z,w) is stable if and only if p(z,w) is invertible for all z S D and w € T and 
for all z € T and u£B. 



4 



Proof. Since p(z, w) is invertible for all z G B and wGTwe can write 

oo 

p{z, w)- 1 = 9k{z)w k , z£T,weT, 

k=—oo 

where gk{z) is analytic for z G B. The second condition implies that gk(z) = for 
k < 0. Thus p(z,w)~ 1 is analytic for all (z,w) G B . Thus p(z,w) is invertible for all 



2 

(z, to) G B , and hence p(z, w) is stable. 



□ 



Lemma 2.4 Zei A be a positive definite rxr operator matrix with entries Aij G B{TL). 
Suppose that for some l<j<k<rwe have that (A^ 1 )^ = 0, I = 1, . . . , j. Write 
A^ 1 = L*L where L is a lower triangular operator matrix with positive definite diagonal 
entries. Then L satisfies L^i = 0, I = 1, ... ,j. Moreover, if A is the (r — 1) x (r — 1) 
matrix obtained from A by removing the kth row and column, and L is the lower 
triangular factor of A -1 with positive diagonal entries, then 



Li 



Lu, i = 1, 



,k-l:l = 1, 



,3, 



(2.3) 



and 



Li+i,i = L a , i = k, . . . ,r — l;l = 1, . . . , j. (2.4) 

In other words, the first j columns of L and L coincide after the kth row (which contains 
zeroes in columns 1, . . . , j) in L has been removed. 

□ 



n. 



Proof. Analog to the proof of Lemma 2.3.4 in [T| 

A polynomial A(z) = Aq + . . . + A n z n is called stable if A(z) is invertible for z G 
We say that B(z) = Bq + . . . + B^ n z~ n is antistable if B(l/z)* is stable. 



Theorem 2.5 (The one variable autoregressive filter problem) Let Aj, j = —n 
be given Hilbert space operators, so that the Toeplitz matrix (>li-j)",- = o * s positive 
, P n and Q- n , . . . , Qo be defined via 

/A 



definite. Let Pq, 

Mo •• 








Mo 



A- 



An 



(Q-n 





w 



>* — 1 



Write Pq = BB* and Qo = CC* with B and C invertible, and put Ri = PiB* 
S t = QiC*' 1 , R(z) = £" =0 i?i^, and S(z) = Then R ( z ) is stable and 

S(z) is anti-stable. Moreover, 



R{z)*- l R{z)- L = S(z)*~ L S(z) 



*-i . 



E 



AjZ j ,z G T, 



for some Aj = A*_-,j > n. In fact, Aj, \j\ > n, is given inductively via 

M-r+l' 



At = A. 



(A- 



A- n ) [(Aj_j)^.J: ] 



, r > n + 1. 



-r+n / 
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The matrix version of this result goes back to 10 . The operator valued case 
appeared first in j^J. One may also consult |321 Section III. 3] or 22, Chapter XXXIV]. 

We will need the notions of left and right stable factorizations of operator valued 
trigonometric polynomials. Let A(z) = Yli=- n ^ iZ% De a matrix-valued trigonometric 
polynomial that is positive definite on T, i.e., A{z) > for \z\ = 1. In particular, since 
the values of A(z) on the unit circle are Hermitian, we have = A*_^ i = 0, 



n. 



The positive matrix function A{z) allows a left stable factorization, that is, we may 
write 

A(z) = M(z)M(l/z)*,z eC\ {0}, 

with M(z) a stable matrix polynomial of degree n. In the scalar case, this is the 
well-known Fejer-Riesz factorization and goes back to the early 1900's. For the ma- 
trix case the result goes back to |30] and [23]. When we require that M(0) is lower 
triangular with positive definite diagonal entries, the stable factorization is unique. 
We shall refer to this unique factor M(z) as the left stable factor of A(z). Simi- 
larly, we define right variations of the above notions. In particular, if N(z) is so that 
A(z) = N(l/z)*N(z),z € C \ {0}, N(z) is stable and N(0) is lower triangular with 
positive definite diagonal elements, then N(z) is called the right stable factor of A{z). 

Proof of Theorem I2TT1 Observe that ^i^ 1 and <!>~ 1 <l> i , i = 1,2, have the 
following companion type forms: 



<3?1<I>~ 



/* 
I 



I 0/ 



/ * 



V 



o 
i 



(2.5) 



m- 1 = (QiMjlo'Qa 



Sijl o 



Sijl 



V 



Sijl 0/ 

A 

* 

: 
Sijl */ 



(2.6) 



(2.7) 



where <5jj = 1 when i = j and <5y = otherwise. Consequently, if S = (Sij )" 7 - =0 satisfies 



$ 1 $- 1 5 = 5$ _1 $i, (2.8) 
then S is block Toeplitz (i.e., Sij = SVfi,j+i for all < i,j < n — 2). Next, if 

cirtTicirinci 

>vJi,j=0 



S = {Sn)™-l n satisfies 



then each Sij is Toeplitz. It follows from (i) that all expressions of the form 



5 = ^ ii $- 1 ^- 2 $- 1 ...$- 1 ^ 



-i 



lit ! 



(2.J 



(2.10) 
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where ij € {1, 2}, = $1 and ^ 2 = satisfy (|2~H|) and (|23|) . Thus all expressions S 
in (|2.1U|) are doubly Toeplitz. In particular, ^i®' 1 ®?, = S^S? -1 ^ is doubly Toeplitz. 
Upon closer inspection we have that 



r-s) r =l,s=0 ' 



(2.11) 



where C- n ^ m is defined by this equation to be as under (ii). Notice that due to (|2.11j) 
we have that 



c-1,1 



-n,l\ 



C—nm J 



(I ••• 0)$i$ _1 $* 







eo/ 



(2.12) 



with eo = (l • ■ ■ 0)*. Due to (ii) and the 3x3 positive definite matrix completion 
problem, we can choose c n , m = c*_ n _ m so that T := (c k -i) k ,ie{o,...,n}x{o,...,m} > °- View 

r = (Q 

-j)ij=o where C k — (cfc jr ._ s )™ s=0 , and extend T following the one variable 
theory to (Cj_j)?° =0 , where 



c* = c_ r = (c_ 

Equivalently, if we let 



C-n) [(Cj-j)™ 



n-1 l-l 

i=oJ 



f C_ r+ i 

\C-r4 



, r > n + 1. 



'Qo 



r- 1 



/A 





and we factor Qq = LL* with L lower triangular, and put Pj = QjL* , j = 0, . . . , n, 
then P(z) := Pq + ... + z n P n is stable and 



]T C jZ j = PizY^Piz)- 1 , zeT. 



(2.13) 



j=-oo 



Due to (I2.12|) it follows from Lemma 12.41 that Pj is of the form 



Pi 



\ VW j 



,j = 0,...,n. 



But then it follows that P{z) := Pq + . . . + z n P n is stable, and that 

00 

2 c^p^r^r^eT, 



j=-oo 
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where Cj is obtained from Cj by leaving out the first row and column. 
Similarly, if we let 



(R-r 



\ Ro 







and we factor i?o = UU* with U upper triangular, and put Sj = RjU* , j 
then S(z) := So + . . . + z~ n S- n is anti-stable and 

CO 

CjZ j = S(z)*- 1 S(z)- 1 ,z€T. 

j=-oo 

Due to (|2,12|) it follows from Lemma 12.41 that Sj is of the form 



-n 



....,0, 



s, 



S; 



/ Pj-m\ \ 
POj ) 



, j = -n, ...,0. 



(2.14) 



But then it follows that S(z) := So + . . . + z n S- n is anti-stable, and that 

CO 

^2 C jZ j = Sizy^Siz)- 1 , zeT, 

j=-oo 

where Cj is obtained from Cj by leaving out the last row and column. 

Due to the block Toeplitzness of Cj, j = —n, ...,n, we have that Cj = Cj, j 
—n, . . . ,n. As S{z) and P{z) follow the one variable construction with (Ci-j)fj =0 

(Ci-j)™ j =Q , we have by the one variable theory that 

P{z)*- l P{z)- 1 = SizY^Siz)- 1 , z G T, 



•j,r-s) r , s =0- 



and thus Cj = Cj, j € Z. Thus Cj is Toeplitz for all j. Denote Cj = (c 
A s YlJL-ooCjZ 3 > 0, j £ T, we have that the infinite block Toeplitz (Cj_j)°^ = _ 00 
is positive definite. We may regroup this infinite block Toeplitz matrix with Toeplitz 



entries as (Tj_j)^ =0 where 



\oo 

)r,s=—oo ' 



Tj — (c r - s j) r 

Taking equality (j2.13j) . and performing a regouping and extracting the first column 
from Pi, one arrives at 



(To 

\Pm 



/no 1 



To J \n r 



(Qo\ 
o 

w 
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where ILj = (p. 
j < or j > m and 



r— s,j )r,s=-ooi 



Qo — n 1 — (q r - s ,o) 



r,s=— oo> Pi? 



for j < or i > n, 



1 



i=0 



Note that g(z) is indeed anti-analytic as X^o? 5 *- 2 * ^ s stable. The one variable theory 
now yields that 

U(w) := n + . . . + U m w m 

is invertible for all w € D. As n(u;) is Toeplitz, its symbol is invertible on T, and thus 
p(z,w) = YH=o Y^=QVij z% w ° i s invertible for all \w\ < 1 and \z\ = 1. By reversing the 
roles of z and w one can prove in a similar way that p(z, w) is invertible for all \z\ < 1 
and \w\ = 1. Combining these two statements yields by Theorem 12.31 that p(z,w) is 
stable. In addition, we obtain that 



nH*- 1 !!^)- 1 



has Fourier coefficients T_ 



, T m . But then it follows that 



p(z,w)* 1 p(z,w) 1 



i-3 



z l w 3 



has Fourier coefficients Cij. Similarly, one proves that r(z,w) := l6 {o,...,n} p* 

j'S{0,...,m} 

is stable and r(z, w)~ 1 r(z, w)*~ 1 has Fourier coefficients c^. This proves one direction 
of the theorem. 

For the converse, let p and r as in 1)2. 1|) be stable and suppose that (|2.2|) holds. 
Denote f{z,w) = Y,(i,j)ez 2 c ij z%w3 ■ Write f(. z ,w) = Y%L-oo h( z ) w% - Tnen T k{ z ) ■= 
(fi-j( z ))ij=o > for a11 k <eN q and all z € T. Next, write 



p{z,w) = ^2pi(z)w\r(z,w) = ^r^w 1 



i=0 



i=0 



and put pi (z) = r^z) = for i > m. By the inverse formula for block Toeplitz matrices 
|19j we have that for k > m — 1 and z € T 



/po( z ) 



T k {z)~ l 



\Pk( z ) 
/r k+1 (l/z)* 



o 

• • PoO) 

o 

r k+ i(l/ z Y 



\ o 

frk+i{ z ) 



\ o 



Pk(l/*)* 

Po(W, 
»"i(z) 



(2.15) 



As was proven in [1H\ Proposition 2.1.2] for the scalar case, we have that for k > m — 1, 
the left stable factors Mf.(z) and M k+ i(z) of E k (z) and E k+ i(z), respectively, satisfy 



M k+1 (z) 



Po( z ) 



col( Pl (z))f+l M k (z) 



(2.16) 
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Indeed, if we define Mk + i(z) by this equality, then writing out the product Mfc +1 (z)Mfc +1 
and comparing it to Ek+i(z), it is straightforward to see that Mk+i(z)Mk+i(l/z)* = 
Ek + i(z). Since both p${z) and M^z) are stable, Mk+i(z) is stable as well. More- 
over, since po(0) > and Mfc(O) is lower triangular with positive diagonal entries, 
the same holds for Mfc +1 (0). Thus Mp. + i(z) must be the stable factor of Ef ( . + i(z). 
Let Cfc = (cfc ir _ s )^ s=0 as before. Then we have that T m (z) = Y^k=-oa^k zk = 
M m {l/zY~ l M m (z). Writing M m (z) =P + ... + z n P n it follows from the one- variable 
result that 







\C n 



C- 



\P n/ 







V o / 

Due to the zeros in P±, . . . ,P n (see (jZZEQ) ) it follows from Proposition 12.21 that (|2.12|) 
holds. By a similar argument, reversing the roles of z and w, we obtain that 



/Co 



\c» 



C—n 



Co 



\S 







vrv 



where C\. = (cr—s,k)rs=o ano - &j ^ as the form as in (|2.14|) . Using the zero structure 
of S-\, . . . , S- n one obtains equality (|2.12j) with ^i^ -1 ^ replaced by S?^ -1 ^. Bu t 
then it follows that 



/e 0\ /e 0' 



(I ••• 0)$i$ _1 $;S 



(/ o ••• o)$!;$ _1 $i 



\0 e / \U e , 

(2.17) 

Due to (|2.5 |l -(|2.7 |l it is easily seen that an d ^l^ -1 ^ nave the same block 

entries anywhere else, so combining this with (|2.17|) gives that = fc^" 1 ^. 

This yields (i) and the equality for c_„ jm in (ii). The positive definiteness of the 
matrices in (ii) follows as they are restriction of the multiplication operator with symbol 
/, which takes on positive definite values on T 2 . □ 
Proof of Theorem 11.11 Follows directly from Theorem 12.11 □ 



3 Nehari's problem in two variables 

We start by stating a version of the operator valued one-variable Nehari result that 
will be useful in our two-variable result. The operator valued Nehari result is due to 
Page |28j who proved it using its connection to the commutant lifting theorem, and 
independently to Adamjan, Arov and Krein ]T| who had a matricial approach. The 
latter approach is close to the one we employ here. 

We let 1%{(K) denote the Hilbert space of sequences rj = (rjj)j^K satisfying \\r]\\ := 

\J^2jeK WVj \\n < 00 • We shall typically write Hankels in a Toeplitz like format by 
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reversing the order of the columns of our Hankel matrices. E.g., in the one- variable case 
our Hankels shall typically act l 2 {— No) — > / 2 (No) as opposed to the usual convention 
of acting Z 2 (N ) -» / 2 (N ). 

Theorem 3.1 Let Ti G L(H.,}C),i > 0, be bounded linear Hilbert space operators so 
that the Hankel 

( ri r \ 



# := 



• ri 



V 



: &(-N ) - i^(No), 



(3.1) 



is a s£ric£ contraction. Solve for operators Aq, • • • , Bq, B\, . . ., satisfying the 

Yule- Walker type equation 



I H\ B 
H* I j \D 





A/' 



where 



B 



{Bo\ 

B 2 



\ ■ ) 

For j = —1, —2, . . . , put 



( : \ 

D-i 



:/C-&(-N ),A 



( : \ 






(3.2) 



:/C^/ 2 (-N ). 



-T j+1 D-i - r j+2 D- 2 



k=l 



(3.3) 



Then f ~ Ylf=-oo T i zj belongs to L°°(T) and H/H^ < 1. 

Alternatively, the Fourier coefficients Tj of f may be constructed as follows. Solve 
for operators ao, A±, A 2 , . . . , Co, C_i, . . satisfying the Yule- Walker type equation 



I H\(A 
H* I }\C 



a 

or 



where 



A = 



( : \ 



:W-&(N„),C 

\ ■ J 

For j = — 1, — 2, . . . ,, T* may be calculated from, 



C-2 

C_i 



: W-Z&(-N ),a = 








(3.4) 



:W-&(N ). 



-r* +1 ^i - r* +2 A 2 



fc=i 



(3.5) 
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Proof. Let 



H 



( r 2 ri\ 
'•• r 2 



V 



/ 



Then it follows from (j3~2j) that 



~ H )( B 

H* I )\D 



where 





(r \ 























But then it follows that ()3.3j) is equivalent to the equation 

-i 



(0 Z 



/ H 

H* I 



J < -1, 



(3.6) 



where 



Zk 



k+l 



But this coincides exactly with the iterative process described in [I] (see also 
Section 2.2]), and thus the conclusion follows from there. 

For the alternative construction of Tj , use that (|3.4|) implies that 



H* I \C 



X 



where 





( \\ 




(A 1 \ 


f = 




,A = 


b) 




KnJ 







But then ()3.5jl is equivalent to the equality 



r* = (z j+1 o) 



/ H 

H* I 



with 



Zh 



0. 



which yields the same sequence of operators r^, k < —1, as in ()3.6|) . □ 
We now come to the main result in this section. 
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Theorem 3.2 Let jtj £ L(Tt,IC), i,j > 0, be given so that the little Hankel operator 
h 7 : Z|(-No x -N ) -> ^(N x N ) defined via 



I r i r o\ 

'■■ ri 



V 

is a strict contraction. Put 

I h. 



( 7ji 7jo\ 



/ 



'N xNti)-P-Nx-N„ I ,* 



I h~ 



$1 = fk xN ©-P-Nx-N ( h * j J fkxNo©^ > -N x-N = ^NoxN©-P- 

I h. ' 



I h 

* 

7 



^* j ) ^NxNo©-^ 5 — No:' -i : ' 



-Hx-N, ( ^* ) f > NxN©-f > -Ncx-. „• 



•N„xN ty-r-Nx-N I ^ y I -PnoxN^-T-Nx-No = ^xN W-T-N x-N I,* j I r N 



0P_ 



Pi* 
FSs] 



[qx-No' 



where the projection Pk ■ l 2 (M) — > l 2 (K), K C M, is defined by Pk((r}j)j^M) = 
(Vj)jeK- Suppose that 

= i*^- 1 ^!. (3.7) 

T/ten i/zere exisi 7ij G L(7i), (i,j) € (Z x — N) U (— N x Z), so i/iai £/te operator matrix 
(7i-i,fc-l)ij,fc,l62 : ^(Z x Z) -» Z^(Z x Z) 



zs a 



s£ric£ contraction. Equivalently, the essentially bounded function f ~ £7 gZ 7^ 



satisfies 



< 1. 



Proof. We start by applying Theorem 13.11 to construct lj, j < —1, via (J3.3|) or, 
equivalently, 1)3 . 5 j) . yielding the strict contraction 

( r i-j)j,jeZ : /| { _ No) (Z) -> ^ (No) (Z). 

The main step in the proof is to show that 1)3.7)1 implies that Tj, j < —1, are also 
Hankel; that is, they are of the form 



/ 7ji 7jo\ 



7?i 



V 



,J < -1, 



/ 



for some operators jij, j > 0, i < — 1. To show this we need to prove the following 
claim. 

Claim. Equation ()3.7|) implies that the operators Dj, j < — 1, in 1)3.2)1 are of the 
form 

( : : :\ 



* * * 

* * * 
\- - 0*/ 



: £(-N ) - &(-N ). 
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Similarly, (|3.7|) implies that Aj in ()3.4|) is of the form 

f* •\ 

* * * • • 

* * * • • 



An 



V ■ ■ 



: Z^(No) -> ^(N ). 



/ 



Proof of Claim. It is not hard to see that ^j^ -1 and <E> 1 <I>^ , i = 1,2, have a 
certain companion type form (variations of the ones in the proof of Theorem 12. lj) . For 
instance, 



S Q 
Si ' 



Z Q N 

o z/ ' 



where S and Z have an infinite companion form 

\ 

I 

S 



/* * 
I 

I 



V 

the operators S and Z are shifts 



5 



V 





I 0/ 



V 



z 



/o o • \ 
J 

J 



V 



and Q an d Q are zero except for the first block row and last block column, respectively: 





/* * 


') 


( 




Q = 


0-- 


■ ,Q = 




o * 










*) 



But then, viewing R := <&* 2 §~ l §i = <I>i<I> _1 <I>2 in the four possible ways (<J>2$ -1 )$i, 
((I)^- 1 )^*, one easily deduces that 

= = p N()XN © p_ Nx _ No ^ ^ p; ]xl% © p: NoX _ n . 

Multiplying the above equation on the left with © -P-Nx{o} an d on the right with 
© -P| } X _ N gives that YW~ l U = X, where U, W,X and Y are defined via 

Y = © P_Nx{0} (fa* j J ^NoxNo ® -f-Nx-N' 



W = P 



N xN 



P_ 



Nx-N 



I ft. 



7 I p* m p* 
j j -VNoxNo w ^-Nx-N) 
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u = Pn„xn e P-nx-n (J* h j^j o © 



{0}x-N' 



and 



View the operator 



X = © P_Nx{0} ( j 7 ) © P{* 0} x-N- 



/l 7 jP (-N x-N )\{(0,0)} 



^(-N x-N )\{(0,0)}' J ' 7 

after permutation as the operator matrix 

'* Y X s 

* w u 

, * * * 

acting on 

[0 © / 2 (-N x {0})] © [/ 2 (N x N ) © Z 2 (-N x — N)] © [0 © Z 2 ({0} x -N)] 

Then the equality YW~ 1 U = X together with Proposition 12.21 gives that 

(0 © P-nx^JM-^O © 7> { * 0}x _ N ) = 0. 

This exactly yields the required zeros in Dj, j < — 1. 

The proof of the zeros in Aj, j > 1, is similar. This proves the claim. □ 
Following the claim, we may now write Dj and Aj as 



D; 



D i Qj 

5i 



,i<-i; Aj 



Write 




aj 

r 3 A 3 



■■■ 7ji 7j0 



,j > i. 



Note that Tj = Tj, j > 0. Observe that due to (|3.8[) . equation ()3.2j) implies 



B 



with 



flay (JT^—j) 



jJieNoj'G-No) 



/ : \ 

5-2 

V 7 y 



/ ; \ 




VAo/ 
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where Ao is obtained from Ao by removing the last row and column; that is Ao 
A 



* * 



Moreover, if we define 



ij = - ^2r j+k D_ k ,j < -i, 



k=l 

then we have that Tj corresponds to Tj without the last column for j < — 1 as well. In 
other words, 

ri=(r,- *),j<-i. 

Likewise, due to the form of Aj, we have that Aj may be constructed from (|3,4j) with 
replaced by Tj. Moreover, if we define 



ri = -E F ;+ fe 4i<-i, 



k=l 

( *\ ~ 
then we have that Tj = I ~ J , j < — 1. But since Tj = Tj, j > 0, we obtain from 

Theorem 13.11 that 

oo oo oo 

Ij = — y] Tj +k D- k = — y~] Tj +k D- k = — y ^jfj+fc = Tj, J < — 1. 

£i=l fe=l fc=l 

Since 

1 j 



it now follows that Ij, j < —1, is Hankel. 

The last step in the proof is to recognize that 

ll(IVj)i,jez|| < 1 

implies that the Hankel (iJj_j)j e N ,jG-N is a strict contraction, where 

Hi = (■y p - q j) P)q( zz,'i > 0. 

But now it follows that Hi = (7 p _ gi j) Pjg6 z ) i < — 1, exist so that {Hi^j)f } - = _ 00 is a 
strict contraction. □ 
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